This paper presents pulse-coupled two bifurcating neurons. The single neuron is represented by a spike position map and the coupled neurons can be represented by a composition of the spike position maps. Using the composite map, we can analyze basic bifurcation phenomena and can find some interesting phenomena that are caused by the pulse-coupling and are impossible in the single neuron. Presenting a simple test circuit, typical phenomena are confirmed experimentally.
Introduction
The bifurcating neuron has been studied as a simple (artificial) neuron model having interesting phenomena [1] - [6] . The neuron has a periodic base signal and repeats integrateand-fire behavior. Depending on the shape of the base signal the neuron can output rich periodic and chaotic spike-trains. Deriving a one-dimensional spike position map we have investigated the rich spike-trains and related bifurcations [2] .
In this paper we present a pulse-coupled system of two bifurcating neurons (ab. PCBN) and analyze the basic bifurcation phenomena. The pulse-coupling is based on interaction of firings and the dynamics can be integrated into the composite map of the spike position maps of the two single neurons. Using the composite map, we clarify that the PCBN have interesting phenomena including a co-dimension-two bifurcation and some bifurcations to coexistence state of various attractors. Such phenomena are impossible in the single neuron. Presenting a simple test circuit, we can confirm typical phenomena experimentally. Preliminary results along these lines can be found in a conference paper [4] .
The motivations for studying the PCBN include the following two points. First, our simple pulse-coupling method is fundamental to construct pulse-coupled (artificial) neural networks. The networks can exhibit various spatiotemporal phenomena that have been utilized for applications including dynamic associative memory, image segmentation and spike-based communications [3] , [6] - [11] . It should be noted that the pulse-coupling method is different from smooth coupling method [12] and has not been established so far. Development of simple pulse-coupling method itself is an ongoing topic [3] , [6] . Second, analysis of composite dynamics of plural maps is a fundamental problem: it is interesting to explore how rich phenomena can be caused by the composition. Also the composite maps relates deeply to time-variant systems and their applications [13] - [17] . It should be noted that this paper firstly proposes an analysis method of PCBNs by means of a composite map. The method may be developed into an analysis tool for pulsecoupled networks.
Bifurcating Neuron
As preparations we introduce the bifurcating neuron (ab. BN [1] - [6] ) and the pulse-position map. Figure 1 (a) shows a circuit model of the BN:
where t + ≡ lim →0 t + . Below a threshold V T , the capacitor voltage v 1 increases by integrating a constant current I 1 > 0. If v 1 reaches V T , the comparator triggers a monstable multivibrator (MM) to output a spike Y 1 = E. The spike closes a switch S W 1 and v 1 is reset to a sinusoidal base signal B 1 (t) with period T . For simplicity the switching is assumed to be ideal: the reset of v 1 is instantaneous without delay [1] - [3] . Repeating in this manner the BN generates a spike-train Y 1 (t). Using dimensionless variables and parameters
Equation (1) is transformed into Equation (3).       ẋ 1 = s 1 and y 1 (τ) = 0, for x 1 < 0,
As shown in Fig. 1 (b) let τ 1 (m) denote the m-th spike position. Since (m + 1)-th spike position is determined by m-th spike position we can define the spike position map f 1 from non-negative reals R + to itself.
Since from I ≡ [0, 1) to itself as shown in Fig. 1(c) .
where θ 1 (m) is the phase (or decimal part) of the m-th spike position: θ 1 (m) ≡ τ 1 (m) modulus 1. The dynamics of the BN is integrated into the spike position map and the return map.
Using the maps we can analyze bifurcation phenomena as shown in [1] - [3] . It should be noted that varying the shape of b 1 (τ) can realize various shapes of the maps [2] .
Pulse-Coupled Bifurcating Neurons
In this section we present the pulse-coupled bifurcating neurons (ab. PCBN) and derive the composite spike-position map. As shown in Fig. 2(a) we prepare the first and second bifurcating neurons (ab. BN1 and BN2). If the pulsecoupling is not present BN1 and BN2 are described by Equation (1) with subscripts 1 and 2, respectively. In the PCBN, the self-switching of each neuron is changed into the cross-switching for the pulse-coupling: if v 1 reaches the threshold V T then BN1 outputs a spike Y 1 that resets v 2 to the base B 2 (t) and vice versa. Using dimensionless parameters and variables in Equation (2) with subscripts 1 and 2, the dynamics of the PCBN is described by       ẋ 1 = s 1 and y 1 (τ) = 0, for x 2 < 0,
We explain this dynamics for the case x 1 (0) > x 2 (0). Exchanging subscripts gives the case x 1 (0) < x 2 (0). As shown in Fig. 2 (b), at time τ 1 (1) = τ 2 (1) = −x 1 (0), x 1 reaches the threshold 0 and BN1 outputs a spike y 1 = 1 that resets x 2 to the base b 2 (τ). Next x 2 increases from b 2 (τ) and x 1 increases from 0. At time τ 1 (2) = τ 2 (2), x 2 reaches 0 and BN2 outputs a spike y 2 = 1 that resets x 1 to the base b 1 (τ). τ 2 (2) is given by the spike position map of BN2: τ 2 (2) = f 2 (τ 1 (1)). Next x 1 increases from b 1 (τ) and x 2 increases from 0. At time τ 1 (3) = τ 2 (3), x 1 reaches 0 and BN1 outputs a spike y 1 = 1 that resets x 2 to the base b 2 (τ). τ 1 (3) is given by the spike position map of BN1: τ 1 (3) = f 1 (τ 2 (2)). We refer to the time τ 1 (n) = τ 2 (n) as n-th spike position (or zero-crossing moment) for BN1 and n-th firing moment for BN2 (similar to τ 2 (m) = τ 1 (m)). That is, each neuron repeats zero-crossing and firing alternatively and the spike-trains are determined by the following iterations.
From Equation (7), we notice that the spike positions are determined by the composite map
Because these two maps describe the same spike-train we focus on f 1 • f 2 hereafter. For simplicity we fix s 1 = s 2 = 1 and select k 1 and k 2 as the control parameters hereafter. Now the PCBN dynamics is integrated into the following composite spike position map.
We can define the return map of f :
where θ 1 (n) = τ 1 (n) modulus 1. We refer to F as the composite return map. It is useful to analyze bifurcation phenomena. We emphasize that the analysis method by the composite map is valid not only for sinusoidal pulseposition maps f 1 and f 2 in Equation (9). This method is effective also for various shapes of pulse-position maps that are given by varying shape of base signals B 1 (t) and B 2 (t). In order to consider periodic dynamics we give some definitions. A point x p ∈ I is said to be a period-k point if
, where F k is the k-fold composition of F. A period-1 point is referred to as a fixed point. A sequence of period-k points (F(x p ), · · · , F k (x p )) is said to be a period-k orbit. The period-k orbit is said to be stable, critical and [2] for simplicity. Figure 3 shows basic attractors with corresponding laboratory measurements. In the experiments the PCBN is fabricated using discrete components: LM339 (comparator), 4538 (MM), 4066 (switch) and NJM13600 (current source).
Basic Bifurcation Phenomena
In this section we analyze basic phenomena of the PCBN. In the analysis basic bifurcation sets and some key parameter sets can be calculated precisely using the composite return map F and its derivative DF:
where i ∈ {1, 2}. First we consider a parameter set:
where F(p 1 ) and F(p 2 ) are the left and right extrema as shown in Fig. 4(a) . In this section we focus on the square surrounded by B, k 1 -axis and k 2 -axis as shown in Fig. 4(c) . In this square, F is continuous and has an interval I A such that F(I A ) ⊆ I A as shown in Fig. 4(b) . Such an interval is referred to as an invariant interval. For this parameter space we give two basic remarks.
(i) Exchanging the subscripts 1 and 2 of Equation (3) gives the equivalent dynamics and hence it is sufficient to consider the case k 2 ≤ k 1 . (ii) Dynamics along the diagonal k 1 = k 2 is equivalent to dynamics of the single neuron.
As shown in Fig. 4 (a) and (b) F has the central fixed point A ≡ 0.5. Let us define two parameter sets for A.
As shown in Fig. 4 (c) let S S be a parameter region surrounded by P and N. In S S , the fixed point A is stable as shown in Fig. 4 (a) and (b). We refer to P and N as positive and negative critical curves of A, respectively. Note that N causes a period doubling bifurcation and another bifurcation as is discussed in Section 4.3.
Pitchfork Bifurcation
In Figs. 5(a) and (b) we can see a pitchfork bifurcation where the fixed point A is changed to be unstable and two stable fixed points A 1 andÃ 1 are born. Referring to [18] we describe this bifurcation as the following: (14) where the arrow denotes change of parameters (k 1 , k 2 ). The pitchfork bifurcation set is identical with the positive critical curve P in Equation (13) and is shown in Fig. 5(d) . As the parameters approach to P from above, the two fixed points A 1 andÃ 1 approach to A (see Fig. 5(b) ). In Fig. 5(c) , F has a local minimum a ∈ (0, A). Let us define a parameter set
where a can be calculated by equations F 2 (p) = A and DF(p) = 0 where p is the inverse image of a as shown in Fig. 5(c) . Let S P be a parameter region surrounded by P and C P . In this region, F has two invariant intervals Fig. 5(c) : F has at least two co-existing attractors and exhibits one of them depending on the initial state. On C P the invariant intervals disappear via a crisis:
We refer to C P as the P-crisis set on which graph of F touches I p × I p box as shown in Fig. 5(c) .
Tangent Bifurcation
In Figs. 6(a) and (b) , we can see a tangent bifurcation as the following.
Stable period-2 orbit (H,H), Unstable period-2 orbit (Q,Q) ↔ ∅ (17) where the symbol ∅ implies that the period-2 orbits disappear [18] . The tangent bifurcation set is given by
which is shown in Fig. 6(d) . Note that the set T ends at the negative critical set N. As the parameters approach to T from right, the points H andH approach to unstable period-2 points Q andQ, respectively (see Fig. 6(b) ). In Fig. 6(c) , F 2 has a local minimum b and a local maximum b on (0, A). b and b can be calculated in a likewise manner as a in Fig. 5(c) . Let us define a parameter set
which is shown in Fig. 6(d) . Note that the set C T ends at the negative critical set N. Let S T be a parameter region surrounded by T, C T and N. In this region, F 2 has two invariant intervals Fig. 6(c) right. Then the map F has an attractor which hits I T andĨ T alternatively, e.g., the chaotic attractor in Fig. 6(c) left. On C T the invariant interval disappears via a crisis as the following.
We refer to C T as the T -crisis set on which graph of F 2 touches I T × I T box as shown in Fig. 6 (c). Figure 7 (a) summarizes all the parameter sets considered in this section: the negative critical curve N, the pitchfork bifurcation set P, the P-crisis set C P , the tangent bifurcation set T and the T -crisis set C T . Some pair of these sets has a common point that causes interesting phenomena. Let As the parameters approach to the arc αβ from below, the stable period-2 orbit (H,H) approaches to the unstable fixed point A and A tends to be critical (DF(A) = −1) (see Fig. 7(c) ). The arc βγ causes a bifurcation shown in Note that the mechanism of this bifurcation is available not only for the stable period-2 orbit (H,H) but also for various attractors that enter I T andĨ T alternatively (see for example Fig. 6(c) ). As the parameters approach to the arc βγ from above, the unstable period-2 orbit (Q,Q) approaches to the stable fixed point A and A tends to be critical (see Fig. 7(d) ). Note that the bifurcation set N includes the arcs αβ and βγ. That is, N causes not only the period doubling bifurcation in Equation (21) but also the other bifurcation in Equation (22). The common point β causes a co-dimension-two bifurcation. Fig. 7(e) shows the composite map F at β. As parameters between T and βγ approach to β, two bifurcation phenomena occurs simultaneously (see Figs. 7(d) and That is, the point β simultaneously causes (i) change of stability of A and (ii) tangent bifurcation. Let S S T ≡ S S ∩S T as shown in Fig. 7 (a) (S T is shown in Fig. 6.) . In S S T , F has at least two co-existing attractors as shown in Fig. 7(d) : a stable fixed point A corresponding to S S and an attractor corresponding to S T . Let S PT ≡ S P ∩ S T as shown in Fig. 7(a) . In S PT , F has at least three co-existing attractors as shown in Fig. 7(f) : two attractors corresponding to S P and an attractor corresponding to S T . Now we can find two interesting properties.
Co-dimension-Two Bifurcation
(i) The point β is not on the diagonal k 1 = k 2 : this co-dimension-two bifurcation is caused by the pulsecoupling and is impossible in the single neuron. (ii) Neither S S T nor S PT overlaps with the diagonal k 1 = k 2 :
the co-existence phenomena are caused by the pulsecoupling and are impossible in the single neuron. Figure 8 shows a diagram showing periods of orbits from the composite map F. This diagram is calculated by the brute force, and does not guarantee existence and stability of the orbits. However the diagram suggests rich and complicated bifurcation phenomena of the map F. Clarification of relation between the diagram in Fig. 8 and the bifurcation sets in Fig. 7(a) is hard in this stage and is included in future problems. We hope that our basic results will be a trigger to analysis the interesting phenomena.
Conclusions
We have studied the pulse-coupled bifurcating neurons that have a variety of spike-train dynamics. The dynamics can be integrated into the composite map and basic bifurcation phenomena are analyzed. It is clarified that some interesting phenomena are impossible in the single neuron. Presenting a simple test circuit, typical phenomena have been confirmed experimentally. Future problems include analysis of rich bifurcation phenomena and development pulse-coupled artificial neural networks with engineering applications.
